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L2-BETTI NUMBERS FOR SUBFACTORS
ANDREAS THOM
Abstract. We study L2-Betti numbers for von Neumann algebras, as de-
fined by D. Shlyakhtenko and A. Connes in [2], in the presence of a bi-finite
correspondence and prove a proportionality formula.
1. Introduction
In [2], A. Connes and D. Shlyakhtenko define L2-Betti numbers for all complex
tracial ∗-algebras (A, τ) which satisfy a certain positivity and boundedness criterion.
Let L2(A, τ) be the Hilbert space completion of the pre-Hilbert space A with in-
ner product (x, y)A = τ(y
∗x). The boundedness criterion ensures that A acts as
bounded multiplication operators on L2(A, τ) and so the enveloping von Neumann
algebra M = W ∗(A) ⊂ B(L2(A, τ)) exists. Since M carries a faithful trace, it is a
finite von Neumann algebra. The definition of the k-th L2-Betti number of (A, τ)
is now as follows:
β
(2)
k (A, τ) = dimM⊗Mo Tor
A⊗Ao
k (M ⊗M
o, A) ∈ [0,∞].
Here,M⊗Mo is naturally seen as right A⊗Ao-module via the inclusion A⊗Ao ⊂
M ⊗Mo. Note that M ⊗Mo carries also a commuting left module structure over
M⊗Mo. Since the actions commute and TorA⊗A
o
k (?, A) is functorial, Tor
A⊗Ao
k (M⊗
Mo, A) inherits a left-module structure overM⊗Mo with respect to which one can
take a dimension. The dimension function to be used is the generalized dimension
function of W. Lu¨ck, see [5] on pp. 237.
The definition is modelled to give a generalization of L2-Betti numbers of discrete
groups. Indeed Proposition 2.3 in [2] shows that for a discrete group Γ
β
(2)
k (Γ) = β
(2)
k (CΓ, τ), ∀k ≥ 0,
where β
(2)
k (Γ) denotes the k-th L
2-Betti number of the discrete group Γ, as studied
by J. Cheeger and M. Gromov in [1].
In this article we will study the relation of L2-Betti numbers for II1-factorsM and
N in the presence of a bi-finite involutive bi-module, relating M and N . We prove
a proportionality formula relating the L2-Betti numbers of M and N .
Given a von Neumann algebra M , we denote its opposite algebra by Mo. M -N
bi-modules are freely identified with left M ⊗No-modules.
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2. Involutive bi-modules
Let us first set up some notation which we will need in the sequel.
Definition 2.1. Let M and N be von Neumann algebras. Let L be a M ⊗ No-
module. The module L is called bi-finite if it is finitely generated and projective as
M -module and as No-module.
Let L be a bi-finiteM⊗No-module. As aM -module, L is finitely generated and
projective and hence isomorphic to M⊕np, for some n ∈ N and some projection
p ∈Mn(M). We have that
homM (L,L) = (pMn(M)p)
o
and since No acts by M -module homomorphisms, we get a unital homomorphism
φ : N → pMn(M)p. We call L involutive, if for some (and hence for any) choice of
n and p, φ is a ∗-homomorphism.
The requirement of having a ∗-homomorphism is not automatic, however, we
know of no interesting examples where this is not the case. To resolve this issue
completely it would be interesting to know the answer to the following question.
Question 2.2. Let φ : N →M be a homomorphism of II1-factors. Let us assume
that M is finitely generated and projective as N -module. Is φ conjugate to a ∗-
homomorphism?
Whereas it is easy to see that such a φ has to be bounded, we did not succeed
in showing that it has to be completely bounded. It was pointed out to us by D.
Shlyakhtenko that, if one could show this, one might be able to use the work of G.
Pisier on the similarity problem to answer the question affirmatively.
A source of bi-finite involutiveM⊗No-modules areM -N -correspondences. In case
of finite generation and finite index, their bi-modules of bounded vectors give rise
to bi-finite involutive M ⊗No-modules. This will become apparrent in the sequel.
Definition 2.3 (see [7]). Let N ⊂ M be a sub-factor of finite index. Denote by n
the integer part of [M : N ] and let α = [M : N ] − n. Denote by E : M → N the
trace-preserving conditional expectation. A Pimsner-Popa basis for the inclusion
N ⊂M is a finite ordered set {m1, . . . ,mn+1} ⊂M , which satisfies:
• E(mjm
∗
k) = 0, ∀j, k ∈ {1, . . . , n+ 1} : j 6= k,
• E(mjm
∗
j ) = 1, ∀j ∈ {1, . . . n}
• E(mn+1m
∗
n+1) = p, with p = p
2, τ(p) = α
• M = ⊕ni=1Nmi ⊕Npmn+1, and
• ‖mj‖ ≤ [M : N ]
1/2, ∀j ∈ {1, . . . , n+ 1}.
It is proved in [7], that every sub-factor of finite index admits a Pimsner-Popa
basis. Note that in particular M is finitely generated and projective as N -module
with dimension [M : N ]. It follows that M , seen as a M ⊗ No-module, is bi-
finite and involutive. Conversely, let N ⊂ M be a sub-factor and assume that M
is finitely generated and projective as N -module. Then the sub-factor has finite
index. Indeed, this is almost the definition since dimN L
2(M, τ) = dimN M .
Lemma 2.4. Let M0 be a II1-factor and N ⊂ M be a sub-factor of finite index.
The canonical map
φ : (M0 ⊗N)⊗M0⊗N (M0 ⊗M)→M0 ⊗M
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is an isomorphism of left M0 ⊗N -modules.
Proof. Let {mi, 1 ≤ i ≤ n} be a Pimsner-Popa basis for the inclusion N ⊂ M . It
follows easily that {1M0 ⊗mi, 1 ≤ i ≤ n} is a Pimsner-Popa basis for the subfactor
M0 ⊗N ⊂M0 ⊗M . The result is now obvious. 
The following two lemmas are easy consequences of the properties of the dimen-
sion function. For a proof see [3].
Lemma 2.5. Let M be a II1-factor and let p be a projection in Mn(M) of un-
normalized trace t. Let L be a module over M .
dimpMn(M)p pL
⊕n =
1
t
dimM L.
Lemma 2.6. Let N ⊂ M be a subfactor of finite index. For every M -module L,
the following equality holds:
(1) dimN L = [M : N ] · dimM L.
3. Main result
Theorem 3.1. Let M and N be II1-factors. Let L be a bi-finite involutive M⊗N
o-
module. Then the following equality holds.
β
(2)
k (M)
dimM L
=
β
(2)
k (N)
dimNo L
, ∀k ∈ N.
Proof. As aM -module, L is isomorphic to M⊕np, for some projection p ∈Mn(M).
We set t = n τ(p), i.e. t is the un-normalized trace of p. Note that in this way,
L becomes a M ⊗ (pMn(M)p)
o-module. Since L is involutive, the right N -module
structure is described by a trace preserving ∗-homomorphism
φ : N → pMn(M)p = M˜.
Using φ, we identify N with a sub-factor of M˜ . Note that M˜ is finitely generated
and projective as a right N -module. Indeed, M˜ is a direct summand in Mn(M)p
which is isomorphic to L⊕n. By the remark before Lemma 2.4, this implies that
the inclusion N ⊂ M˜ has finite index.
Now, note that M ⊗ No ⊂ M ⊗ M˜o is a flat ring extension, since M ⊗ M˜o is
projective as right M ⊗No-module, so that there are isomorphisms
TorM⊗N
o
k (M ⊗N
o, L) ∼= TorM⊗M˜
o
k (M ⊗N
o ⊗M⊗No M ⊗ M˜
o, L)
∼= TorM⊗M˜
o
k (M ⊗ M˜
o, L) (by 2.4).(2)
of leftM ⊗No-modules. The first isomorphism is the canonical isomorphism of flat
base change, see Proposition 3.2.9 in [8].
A computation similar to Theorem 2.4 in [2] shows that
dimM⊗M˜o Tor
M⊗M˜o
k (M ⊗ M˜
o, L) = t−1β
(2)
k (M).(3)
Indeed, we can define a functor from M ⊗Mo-modules to M ⊗ M˜o-modules that
sends a module K to K ⊗M L = K
⊕np = (1 ⊗ po)K⊕n. One easily shows that
it is exact and maps finitely generated projective modules to finitely generated
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projective modules. The image of the M ⊗Mo-module M is the M ⊗ M˜o-module
L. We conclude that
(1⊗ po)
(
TorM⊗M
o
k (M ⊗M
o,M)
)⊕n
∼= TorM⊗M˜
o
k (M ⊗ M˜
o, L)
Equation 3 follows now from Lemma 2.5.
Since [M ⊗ M˜o :M ⊗No] = [M˜ : N ], we get by equation (1), that
dimM⊗No Tor
M⊗No
k (M ⊗N
o, L) = dimM⊗No Tor
M⊗M˜o
k (M ⊗ M˜
o, L) (by (2))
= [M˜ : N ] dimM⊗M˜o Tor
M⊗M˜o
k (M ⊗ M˜
o, L)
= t−1 [M˜ : N ]β
(2)
k (M) (by (3)).(4)
Now, dimM˜o L = t
−1 and thus
dimNo L = [M˜ : N ] dimM˜o L (by (1))
= t−1 [M˜ : N ](5)
Equations (4) and (5) imply
(6) dimM⊗No Tor
M⊗No
k (M ⊗N
o, L) = dimNo L · β
(2)
k (M).
The claim follows by symmetry of the left hand side of equation (6). 
Corollary 3.2. Let N ⊂ M be a subfactor of finite index. The following relation
holds.
[M : N ] · β
(2)
k (M) = β
(2)
k (N), ∀k ≥ 0
Proof. The N ⊗Mo-module M is bi-finite by Lemma 2.3 and involutive. Therefore
the corollary is implied by the theorem. 
There is an independent proof by Lu¨ck of the above corollary in [6] in the case
of inclusions LH ⊂ LG, coming from an inclusion of a normal subgroup H ⊂ G of
finite index.
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